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Abstract
Let λ1, λ2, · · · , λn be the eigenvalues of the distance matrix of
a connected graph G. The distance Estrada index of G is defined
as DEE(G) =
∑
n
i=1
eλi . In this note, we present new lower and
upper bounds for DEE(G). In addition, a Nordhaus-Gaddum type
inequality for DEE(G) is given.
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1 Introduction
Let G = (V (G), E(G)) be a simple connected graph with vertex set V (G) =
{v1, v2, · · · , vn} and edge set E(G). The adjacency matrix of G is A(G) =
(aij) ∈ Rn×n (or A for short), where aij = 1 if two vertices vi and vj are
adjacent in G and aij = 0 otherwise. The eigenvalues of A are real, and
can be ordered as λ1(A) ≥ λ2(A) ≥ · · · ≥ λn(A). The distance matrix of G
is a symmetric matrix D(G) = (dij) ∈ Rn×n (or D for short) in which dij
denotes the length of shortest path between two vertices vi and vj . Since
D is real symmetric, its eigenvalues (called distance eigenvalues or distance
spectra) can also be arranged in non-increasing order as λ1(D) ≥ λ2(D) ≥
· · · ≥ λn(D). We refer the reader to [1] for a comprehensive survey on
distance eigenvalues.
The Estrada index of graph G, put forward by Estrada [7], is defined
as
EE(G) =
n∑
i=1
eλi(A).
This graph-spectrum-based invariant has found a number of applications
in chemistry, physics, and complex networks. For example, it is used as a
measure for the degree of folding of long chain polymeric molecules [8]. It
also characterizes the centrality [9] as well as robustness [17] of complex
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networks. For various mathematical properties of the Estrada index, see
e.g. [4, 5, 12, 18].
Quite recently, in full analogy with the Estrada index, the distance
Estrada index of a connected graph G was introduced in [11] as
DEE(G) =
n∑
i=1
eλi(D). (1)
Let Kn be the complete graph on n vertices. Some upper and lower bounds
for DEE(G) were established as follows.
Theorem 1. [11] Let G be a connected graph with n vertices and m edges,
and ρ = ρ(G) the diameter of G. Then
√
n2 + 4m ≤ DEE(G) ≤ n− 1 + eρ
√
n(n−1). (2)
Equality holds on both sides of (2) if and only if G = K1.
Theorem 2. [3] Let G be a connected graph with n ≥ 2 vertices and m
edges. Then
DEE(G) ≥ e2(n−1)− 2mn + e−2(n−1)+ 2mn + n− 2 (3)
with equality if and only if G = K2.
Some results relating DEE(G) to the Winer index and graph energy
can be found in [3, 11]. Moreover, the distance Estrada index for strongly
quotient graphs and Erdo˝s-Re´nyi random graphs were discussed in [2] and
[19], respectively. In this note, we establish some new bounds for DEE(G)
involving diameter, maximum degree, and second maximum degree. Our
bounds improve some results in [3, 11]. Furthermore, a Nordhaus-Gaddum
type inequality for DEE(G) is presented.
2 Some lemmas
We list some useful lemmas for distance spectra in this section.
Lemma 1. [16] Let G be a connected graph with n vertices and m edges.
Then
∑n
i=1 λi(D) = 0 and
∑n
i=1 λ
2
i (D) = 2
∑
i<j d
2
ij .
The next result relies on a special relation between the adjacency and
distance matrices of graphs having diameter 2. It has been applied in
deriving DEE(G) in dense random graph settings [19].
Lemma 2. [6, 14] Let G be an r-regular graph on n vertices with diameter
at most 2 and adjacency eigenvalues λ1(A) = r, λ2(A), λ3(A), · · · , λn(A).
Then the distance eigenvalues of G are 2n−2−r, −2−λ2(A), −2−λ3(A),
· · · ,−2− λn(A).
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Lemma 3. [23] Let G be a connected graph on n vertices with maximum
degree ∆1 and second maximum degree ∆2. Then
λ1(D) ≥
√
(2n− 2−∆1)(2n− 2−∆2)
with equality if and only if G is a regular graph with diameter at most 2.
More details on extremal values for the largest distance eigenvalue of a
graph can be found in e.g. [13, 22, 23]. Let Kn1,n2,··· ,ns denote the com-
plete s-partite graph. The following result characterizes the least distance
eigenvalue.
Lemma 4. [21] Let G be a graph on n vertices. For n ≥ 2, λn(D) = −1 if
and only if G = Kn. For n ≥ 3, λn(D) = −2 if and only if G = Kn1,n2··· ,ns
for some s ∈ [2, n− 1] with ∑si=1 ni = n. Moreover, for n ≥ 3, if G 6= Kn
and G 6= Kn1,n2··· ,ns for some s ∈ [2, n − 1] with
∑s
i=1 ni = n, then
λn(D) < −2.383.
3 Bounds for distance Estrada index
Theorem 3. Let G be a connected graph on n ≥ 2 vertices with maxi-
mum degree ∆1 and second maximum degree ∆2. Then
DEE(G) ≥ e
√
(2n−2−∆1)(2n−2−∆2) + (n− 1)e−
√(
2−
∆1
n−1
)(
2−
∆2
n−1
)
(4)
with equality if and only if G = Kn.
Proof. Using Lemma 1 and the arithmetic-geometric inequality, we obtain
DEE(G) = eλ1(D) +
n∑
i=2
eλi(D)
≥ eλ1(D) + (n− 1)
(
e
∑
n
i=2 λi(D)
) 1
n−1
= eλ1(D) + (n− 1)e−λ1(D)n−1 ,
with equality if and only if λ2(D) = λ3(D) = · · · = λn(D).
For x ≥ 0, define f(x) = ex + (n − 1)e− xn−1 . It is easy to see that
f ′(x) = ex − e− xn−1 ≥ 0 for any x ≥ 0. By Lemma 3, we have λ1(D) ≥√
(2n− 2−∆1)(2n− 2−∆2) ≥ 0. Therefore,
DEE(G) ≥ f(λ1(D)) ≥ f
(√
(2n− 2−∆1)(2n− 2−∆2)
)
,
and (4) follows.
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To see the sharpness of (4), note that the complete graph Kn has dis-
tance spectrum {n − 1,−1,−1, · · · ,−1}. Hence, if G = Kn, we obtain
DEE(G) = en−1 + (n− 1)e−1, and the equality holds in (4).
Conversely, if the equality holds in (4) then G must be a regular graph,
say, r-regular, with diameter at most 2 by Lemma 3. Employing Lemma
2 and the fact that λ2(D) = λ3(D) = · · · = λn(D), we conclude that
λ1(A) = r, λ2(A) = λ3(A) = · · · = λn(A). Since the trace of A is zero, we
know that λ1(A) > λ2(A). It is well known that a connected graph with
two distinct adjacency eigenvalues must be complete, which completes the
proof. ✷
It is evident that our bound is better than the lower bound in (2).
Notice that our bound is incomparable to the bound in (3). Nevertheless,
there are more graphs which attain our bound.
In 1956, Nordhaus and Gaddum [15] presented lower and upper bounds
on the sum of the chromatic number of a graph and its complement, in
terms of the order of the graph. Here, we give a Nordhaus-Gaddum type
result for the distance Estrada index.
Theorem 4. Let G be a connected graph on n ≥ 2 vertices with a
connected complement G. Then
DEE(G) +DEE(G) > 2e
3(n−1)
2 + 2e−
3(n−1)
2 + 2n− 4. (5)
Proof. Define a function g(n,m) = e2(n−1)−
2m
n + e−2(n−1)+
2m
n + n.
Suppose that |E(G)| = m. Hence, |E(G)| = (n2) − m. Since G is
connected, it follows from Theorem 2 that
DEE(G) +DEE(G) > g(n,m) + g
(
n,
(
n
2
)
−m
)
− 4
= e2(n−1)−
2m
n + e−2(n−1)+
2m
n + e2(n−1)−
n(n−1)−2m
n
+e−2(n−1)+
n(n−1)−2m
n + 2n− 4.
We have ex1 + ex2 ≥ 2e x1+x22 since ex is convex. Therefore, we obtain
DEE(G) +DEE(G) > 2e
3(n−1)
2 + 2e−
3(n−1)
2 + 2n− 4
as desired. ✷
Theorem 5. Let G be a connected graph with n ≥ 2 vertices, and
ρ = ρ(G) the diameter of G. Then
DEE(G) < n− 1 + e
√
n(n−1)ρ2−1. (6)
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Proof. Denote by n+ the number of positive eigenvalues of D. We obtain
DEE(G) =
n∑
i=1
eλi(D) < n− n+ +
n+∑
i=1
eλi(D)
= n− n+ +
n+∑
i=1
∑
k≥0
λki (D)
k!
= n+
∑
k≥1
1
k!
n+∑
i=1
λki (D)
= n+
∑
k≥1
1
k!
n+∑
i=1
(λ2i (D))
k
2
≤ n+
∑
k≥1
1
k!
( n+∑
i=1
λ2i (D)
) k
2
, (7)
where the first inequality holds due to the strict monotonicity of ex.
In view of Lemma 1 and (7), we deduce
DEE(G) < n+
∑
k≥1
1
k!
(
2
∑
i<j
d2ij −
n∑
i=n++1
λ2i (D)
) k
2
.
Since G is a connected graph on n ≥ 2 vertices, Lemma 4 implies that
λn(D) ≤ −1. Accordingly,
DEE(G) < n+
∑
k≥1
1
k!
(
2
∑
i<j
d2ij − 1
)k
2
≤ n+
∑
k≥1
1
k!
(
n(n− 1)ρ2 − 1) k2
= n− 1 + e
√
n(n−1)ρ2−1,
where the second inequality holds since dij ≤ ρ, and the last equality is
because of the power-series expansion of ex. The proof is complete. ✷
Obviously, our upper bound is better than that in (2).
To conclude this note, we mention a result relating DEE(G) to EE(G)
for regular graphs, which is a direct corollary of Lemma 2.
Theorem 6. Let G be an r-regular graph on n vertices with diameter at
most 2. Then
DEE(G) = e2n−r−2 − en−r−2 + e−1EE(G). (8)
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Proof. It is well known that (see e.g. [10, p.172]) the adjacency eigenvalues
of G are {n− r − 1,−1− λ2(A(G)),−1 − λ3(A(G)), · · · ,−1− λn(A(G))}.
Hence, EE(G) =
∑n
i=1 e
λi(A(G)) = en−r−1 + e(e−2−λ2(A(G)) + · · · +
e−2−λn(A(G))). Thanks to Lemma 2, we have
DEE(G) =
n∑
i=1
eλi(D) = e2n−r−2 + e−2−λ2(A(G)) + · · ·+ e−2−λn(A(G))
= e2n−r−2 + e−1
(
EE(G)− en−r−1),
which readily implies the desired result. ✷
It would be interesting to explore whether the techniques in this note
can be applied to evolving graphs [20], where a dynamic notion of distance
becomes relevant.
Acknowledgement
The author is indebted to the referees for helpful comments. This work
is supported jointly by the National Natural Science Foundation of China
(11505127), the Shanghai Pujiang Program (15PJ1408300), the Program
for Young Excellent Talents in Tongji University (2014KJ036), and the
Fundamental Research Funds for the Central Universities (0800219319).
References
[1] M. Aouchiche, P. Hansen, Distance spectra of graphs: a survey. Linear
Algebra Appl., 458(2014) 301–386.
[2] S¸. B. Bozkurt, C. Adiga, D. Bozkurt, Bounds on the distance energy
and the distance Estrada index of strongly quotient graphs. J. Appl.
Math., 2013(2013) 681019.
[3] S¸. B. Bozkurt, D. Bozkurt, Bounds for the distance Estrada index of
graphs. AIP Conf. Proc., 1648(2015) 380002.
[4] K. Ch. Das, S. G. Lee, On the Estrada index conjecture. Linear Algebra
Appl., 431(2009) 1351–1359.
[5] J. A. de la Pen˜a, I. Gutman, J. Rada, Estimating the Estrada index.
Linear Algebra Appl., 427(2007) 70–76.
[6] R. J. Elzinga, D. A. Gregory, K. N. Vander Meulen, Addressing the
Petersen graph. Discrete Math., 286(2004) 241–244.
6
[7] E. Estrada, Characterization of 3D molecular structure. Chem. Phys.
Lett., 319(2000) 713–718.
[8] E. Estrada, Characterization of the folding degree of proteins. Bioin-
formatics, 18(2002) 697–704.
[9] E. Estrada, J. A. Rodr´ıguez-Vela´zquez, Subgraph centrality in complex
networks. Phys. Rev. E, 71(2005) 056103.
[10] C. Godsil, G. Royle, Algebraic Graph Theory. Springer, New York,
2001.
[11] A. D. Gu¨ngo¨r, S¸. B. Bozkurt, On the distance Estrada index of graphs.
Hacettepe J. Math. Stat., 38(2009) 277–283.
[12] I. Gutman, H. Deng, S. Radenkovic´, The Estrada index: an updated
survey. In: D. Cvetkovic´, I. Gutman (Eds.), Selected Topics on Appli-
cations of Graph Spectra, Math. Inst., Beograd, 2011, 155–174.
[13] A. Ilic´, Extremal problems and algorithms for graph invariants based
on eigenvalues and distances. PhD thesis (in Serbian), University of
Niˇs, Niˇs, 2011.
[14] G. Indulal, I. Gutman, A. Vijayakumar, On distance energy of graphs.
MATCH Commun. Math. Comput. Chem., 60(2008) 461–472.
[15] E. A. Nordhaus, J. W. Gaddum, On complementary graphs. Am.
Math. Mon., 63(1956) 175–177.
[16] H. S. Ramane, D. S. Revankar, I. Gutman, S. B. Rao, D. Acharya, H.
B. Walikar, Bounds for the distance energy of a graph. Kragujevag J.
Sci., 31(2008) 59–68.
[17] Y. Shang, Biased edge failure in scale-free networks based on natural
connectivity. Indian J. Phys., 86(2012) 485–488.
[18] Y. Shang, Estrada index of general weighted graphs. Bull. Aust. Math.
Soc., 88(2013) 106–112.
[19] Y. Shang, Distance Estrada index of random graphs. Linear Multilin-
ear Algebra, 63(2015) 466–471.
[20] Y. Shang, The Estrada index of evolving graphs.Appl. Math. Comput.,
250(2015) 415–423.
[21] G. Yu, On the least distance eigenvalue of a graph. Linear Algebra
Appl., 439(2013) 2428–2433.
7
[22] M. Zhai, G. Yu, J. Shu, Clique number and distance spectral radii of
graphs. Ars Combin., 104(2012) 385–392.
[23] B. Zhou, A. Ilic´, On distance spectral radius and distance energy of
graphs. MATCH Commun. Math. Comput. Chem., 64(2010) 261–280.
8
